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Introduction Black-box setting
Motivation
Convex functions

Black-box optimization

Given: f: R”" — R
Goal: min f(x) X — = f(x)
xeR™

@ Problem class f convex
@ Oracle access to f(x), maybe V f(x)

o Complexity: number of oracle calls sufficient to solve any
problem of the class

@ Solution: y : f(y) — mIiPP flx) <e
xeR™
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Introduction

ctio

Motivation | - Local Search Algorithms

Local Search Scheme:

X1 = X + Apug

A step size u;, search direction

S. Stich Local Search



Introduction 31a setting

Convex functions

Motivation |l

Local Search

Derivati Derivative Free
erlvat;\\l/ﬁ/ls RG
GM . .
SPSA RP  (1+1)-ES Variable Metric RH

Trust Region CMA-ES

— B

Randomized Deterministic

special applications/design principles

noise
inspired by nature

robust

fast multi-funnel

non-convex invariance principles

no derivatives scale invariant

~— B

first step when analyzing new scheme:
show consistency on convex functions
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Introduction 31a ox setting

Convex functions

Convex functions |

first-order condition:

f¥) 2 f&)+{(Vix),y —x), VxyekE

f)

(%0, f(x0))
ZF(x0) + (Vf(x0),y — )
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Introduction

Convex functions Il - Quadratic Model

Quadratic upper bound: Quadratic lower bound: (strongly convex)

Fy) < fE)HVx),y - X>+% ly —xI7, F) > fx)HVIx),y - X>+% ly — xII3

f(x)

f)

(x0, £ (x0))
" (x0, f(x0)) —
o)+ (Vo) y - %) e ~Fx0) + (VF(x0),y — %)

o Fully quadratic model: Ly, M > 0, ||x|3, := x" Mx

IxI[Z, =c
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Ingredients
Local Search Convergence
Examples

Sufficient Decrease

Xpt1 = Xk + ApUg

B Ak N Ak
Xk Xk
) hV Y 1—
1— 7 o v Tk
Y
(D1) = (D2)

Sufficient decrease 0 < v < 1:

o) = Floan) 2 . £05) = mip o+ ew)) (0D

(VF(xz),up)?
2 |3,

f&xk) = f(Knt1) = e (D2)
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Local Search

Search Directions

Quality of search direction uy:

N
~\\ ||Vf(Xk)||L;1 =1

By = Vf(xk) uy,
NIV o kel

A

kg, =1 3

.
______

@ 7 : quality of the stepsize
° ﬁ,% : quality of the search direction
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Ingredients
Local Search Convergence
Examples

Single step progress

Quadratic upper bound:

61{%

f&xR) = f(Xrg1) 2 IV £ Gl o

+ Quadratic lower bound:

Fxi) = F(Xna1) = Amin(MLTY) Bove (f(x5) — f(x*))
—————

= Progress:

Fxpg1) — F(x*) < (1= 6Biyw) - (f(xk) — F(x*))

=frt1 =fk
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Ingredients
Local Search Convergence
Examples

Global convergence

After N iterations:

N—-1

Infy —Info <> I fryr —Infr
k=0
N-1
<=k B

k=0

N-1
fN < fo-exp [—EZ@%%]

k=0

—
=Sn
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Local Search Convergence
Examples

A typical example

We calculate:

E) == and  V[§]=

@ independent of V f(xy)
o [32 follows a beta distribution ~ 3 (3, 251)
2 . . . N
e the sum }_ f; is concentrated around its expectation -
(measure concentration on the sphere)
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Ingredients
Local Search Convergence
Examples

Convergence with high probability

: N=30 .
1

[ ! N =20
! N=10 [\

L : N = //\\\
i
1
1

1/n
Let 0 < e <1,

N—

N e — el
§ B2 <(1- < - N
[k_ k‘— En S exXp 8
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Local Search

Example | - Random Gradient Method [Nesterov 2011]

u; ~ N (0, Ll_l) + estimate stepsize with gradient oracles:

Ak o< — [ (xg, ug)
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Local Search

Example Il - Random Pursuit

u, ~N(0,L71) + (approximate) line search:

Ak € |p - argmin f(xg + tug), argmin f(xg + tug) + 0
teR teR

function evaluations

<

Line Search Accuracy

o find the optimal accuracy p

Iterations
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Local Search
Examples

Example Ill

quadratic function: 3 function evaluations are sufficient

Where to find quadratic functions?
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Local Search Con ce
Examples

Example Il - Random Hessian [Lewis, Leventhal 2011]

@ To minimize f efficiently, estimate the metric H!

1
minimize g¢(X):=b"x + 3 |X — H||3 with Random Pursuit

uy, ~ N(0, 1) search direction : U = uku{

@ Evaluate g on 3 points on a line given by Uy:

1 1
9(Xk + Uy — H) = 2 | Xe = HIE + 5 |0 + (Xi = H,Up)

fx+eup) = 2f(x) + f(x — eup)
2

observe: (H,Uj) =~
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Outlook and Open Problems
Outlook

Outlook and Open Problems

@ many more examples ...
@ extension to accelerated (random) schemes

@ "nice" non-convex functions ?

@ schemes with adaptive step size control
e sum of correlated random variables

@ constraints

Thank you
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